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1. We study Hilbert spaces whose elements are functions defined in the 
unit disk D = {z: / z 1 < I> and which have these properties: 
(Sl) The polynomials belong to the space as a dense subset. 
(S2) For each w in D, the linear functional defined on the space by 
F(z) ---f F(w) is continuous. 
(53) Whenever F(z) is in the space, then so is zF(z) and its norm is no 
more than the norm ofF(z). 
If p is a positive Bore1 measure on the closed disk D and: 
(S2’) For each polynomial p and each w in D, 1 p(w)]” < E(w) s / p i2 dp 
for some function E(w) bounded on compact subsets of D, then Ha(p), the closure 
in LB(p) of the polynomials, is a space of analytic functions in D which satisfies 
(Sl), (S2), (S3), and the operator M,:F(z) + &J(z) in Hz(p) is subnormal and 
bounded by 1. Conversely, if T is subnormal, bounded by 1, and has a cyclic 
vector, then there is a positive Bore1 measure p on D such that T is unitarily 
equivalent to M, in Hs(1-1) [2]. Properties (Sl) and (S3) are obviously satisfied in 
this space; an interesting problem is to determine when (52) or (S2’) hold. 
Examples of such spaces can be constructed by the use of hypergeometric 
functions. It is convenient for us to work with spaces of functions defined in a 
half-plane, rather than in D. For h > 0, the spaces now studied have the hyper- 
geometric function K(w, z) = Q-z%, --z; h, 1) as reproducing kernel, and 
the Newton interpolation polynomials p,(z) = F(--n, h + z; h, 1) as an 
orthogonal basis, with l/p, ‘I2 = r(n + h)/r(n + 1) r(h). 
This project was motivated by [3-51, which established connections between 
various families of orthogonal polynomials and work by de Branges on Hilbert 
spaces of entire functions, which has broad applications to the theory of sym- 
metric transformations. In Section 3, we outline quite similar results for the 
Newton polynomials, in the hope that they foreshadow a useful theory for 
subnormal operators. 
We are grateful to Professor Louis de Branges for some very helpful private 
communications on this work. 
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2. THEOREM 1. For each h > 0, K(w, z) = F(-@ - z; h, 1) is the 
reproducing kernel junction for a Hilbert space %, of junctions analytic for 
Re z > -h/2, with orthonormal basis 1, (d&z!) z(z - 1) ... (a - n + l), 
n = 1, 2,..., where d n2 = P(n + 1) P(h)/P(n + h). The identity 
<~W4> SW = W4, (x + h) [8(x + 1) - Qk>l> (1) 
holds in Xfi whenever P and Q are polynomials, and K(w, z) satisjies the identity 
(h + fi? + z) K(w, z) = (h + a) K(w + 1, z). (2) 
Proof of Theorem 1. The facts in the first sentence of the theorem are proved 
in [7]. By [6, p. 611, K(w, z) = P(h) P(ti + z + h)/P(ti + h) P(z + h). It 
follows that (2) holds and that for each h = 0, 1,2,..., the nth-degree polynomial 
K(n, a) is in the domain of the transformation V: P(z) -+ (z + h) [P(z + 1) - 
P(z)] and VK(n, x) = r,(z) K(0, Z) = r,(z), f or some nth-degree polynomial r, . 
Hence, for all nonnegative integers 01, 8, 
W+, 4, K(F, 4) = PQ, B) = @ + 4 [Kb + 1, B) - K(a> &I 
= <K(a, 4, @ + h) [K(,% x + 1) - KU% -$I>, 
and the identity (1) follows. 
THEOREM 2. Let h > 0 and let X be a Hilbert space of junctions de$ned for 
Re z > -h/2 which contains a nonzero element. Suppose (S2) and the reproducing 
kernel junction K(w, z) for X satisJies the identity (2) in Theorem 1. Then there 
exists a junction U(z) defined for Re z > -h/2 and periodic of period 1 such that 
the transformation F(z) + U(z) F(z) is an isometry of Xa onto %. 
Proof of Theorem 2. By the proof of Theorem 1, the hypotheses imply that 
<xK(a, 4, K(h 4) = <K(a, 4, (z + h) W(A z + 1) - K(P, 41>, whenever 
Re 01 > -h/2, Re p > -h/2. It follows upon choosing p = 0 that 
(z + 4 [K(O, z + 1) - K(O, z >I vanishes identically; hence, K(0, a) is periodic 
of period 1. Let U(x) = K(0, x)/(K(O, O))‘/” and let X1 denote the space of all 
functions of the form U(z) F(z) for some F(z) in .7& . Define an inner product 
in X, by <UF, UG),= = (F, G)x, . Then Y, has reproducing kernel function 
KI(w, x) = U(z) U(w) L(w, z), where 
L(w, z) = P(h) P@ + z + h)/P(ti + h) P(z + h) 
is the kernel function for Sh . We show that Xi = X isometrically. If 
n = 1, 2,..., thenK(n,z)=(z+n-1 +h)/(n-1 +h)K(n-l,z),bythe 
identity (2). It follows inductively that 
K(n, 4 = (r(z + n + h) r(h))/(+ + n) r(n + h)) K(O, 4 
= U(z) U(n) L(w, x); 
NEWTON SPACES OF ANALYTIC FUNCTIONS 327 
hence, K(n, Z) belongs to X, . If U(x)F(z) is any element of Xi , then 
Therefore, K(n, Z) = Ki(n, Z) all n = 0, 1, 2 ,.... Since the functions L(n, z), 
n = 0, 1) 2, . . . , span a dense subset of & (by a modification of the formula in 
[S, p. 224]), the functions Ki(n, z), n = 0, 1,2 ,..., span a dense subset of K . 
It follows that Xi is contained isometrically in X. Let X, denote the orthogonal 
complement of X, in X. Then X, has reproducing kernel function K,(w, Z) = 
K(w, Z) - Kr(ul, z). Since K(w, Z) and Ki(w, Z) both satisfy the identity (2) 
so does KJw, z). If Xa contained a nonzero element then, by the first part of 
the proof, &(n, Z) = K(n, z), all n = 0, 1, 2 ,..., and hence, these functions 
would vanish identically and so .& would contain no nonzero element, con- 
tradicting the hypotheses. Thus, %a = (0} and the proof is complete. 
3. This paper was stimulated by the results in [3-51 on various families 
of orthogonal polynomials. In this section, we outline analogous properties of 
the Newton polynomials. Our main interest in this comparison is that the inner 
product in which the Newton polynomials are orthogonal is given by integration 
with respect to a planar measure, the natural setting for subnormal operators; 
the polynomials of Meixner, Pollaczek, Charlier, etc., are orthogonal with respect 
to an integration along the real axis, the natural setting for symmetric trans- 
formations. 1Ve hope that this foreshadows a deeper connection between sub- 
normal operators, difference operators and hypergeometric functions. 
Let h > 0 and let L, , L_ , D denote the transformations on functions defined 
by L,: F(z) + zF(z - 1), Le: F(z) --f (z + h) [F(z + I) - F(z)] - z[F(z) - 
F(27 - I)], D:F( z -+ z[F(z) - F(.s - l)] + (h/2)F(z). ,4 straightforward calcu- ) 
lation will show that they satisfy the commutator identities L-L,. - L,L_ = 
2D, DL- -L-D = -L- , DL, - L,D = L, . Also, (DF, Gj =-_ (F, DG) and 
(L+F, G; =- <F, L-G) for all polynomials F and G, in the inner product in &, . 
This inner product, in terms of the measure y on [0, m) which has unit mass 
at the points n/2, 71 = 0, 1, 2,..., and vanishes elsewhere, is I’F v = ss F i2 A, 
where 
is a measure on Re z > -h/2, supported on the lines .x = (n - h)/2, 
n = 0, 1, 2,... [7]. Let Zh denote the set of functions F of the form F(x) == 
G(z/(I - 2)) for some G in X, , / 2 / < 1, and define a norm in z?‘~ by 
llFil.eb = /I G 11x, . Then Xh is a Hilbert space of functions analytic for j z j < 1 
which satisfies (Sl), (S2’), (S3). The space %A satisfies the identity (1) in Theo- 
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rem 1, which implies an identity (I) in Xk . Thus Theorem 2 implies a unique- 
ness result for spaces of functions which satisfy (Sl), (S2), (S3), and (I). 
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